We study the boundedness of singular integral operators that are imaginary powers of the Laplace operator in R", especially from weighted Hardy spaces if£(R n ) to weighted Lebesgue spaces L^(R") where 0 < p ^ 1. In particular, we prove some Hw -Lw estimates for these operators when 0 < p ^ 1 and w is in the Muckenhoupt's class A q , for some q > 1.
INTRODUCTION
We shall study a class of singular integral operators that are imaginary powers of the Laplace operator in R n . But first let us review some basic properties of singular integral operators in general.
It is well-known that every singular integral operator T defined on <S(R n ) by
Tf = K*f,
where if is a tempered distribution on R" with K £ L°°(R n ), extends to a bounded operator on L 2 (R n ). Provided that the kernel K is locally integrable away from 0 and satisfies the Hormander condition /
\K(x-y)-K(x)\dx^C K , \x\>2\y\
such an operator will also extend to a bounded operator on L"(R n ) for 1 < p < oo. For p = 1 and p = oo, weaker results are available. Moreover, for p = 1, one may also show that T extends to a bounded operator from
In fact, with some extra conditions on K, the operator T can be extended to a bounded operator from In this note, we shall study the boundedness of singular integral operators that are imaginary powers of the Laplace operator in R n , especially from # P ( R " ) to LP W (R n ) where 0 < p < 1. Here H^(H n ) denotes the weighted Hardy space, defined just as i / p ( R n ) but with measure w(x)dx replacing the usual Lebesgue measure dx. These operators were studied by Muckenhoupt [6] and used by Cowling and Mauceri [1] to prove the boundedness of Stein's spherical maximal operator [9] . What we are interested in here is how their norms, especially from H^(R n ) to IP W (R n ) where 0 < p ^ 1, actually depends on the imaginary power.
Recent works indicate that the study of imaginary powers of operators in general have some applications in the theory of spectral multipliers. See, for example, [2] and
For each u 6 R \ {0}, let K u be the tempered distribution on R n such that
dx being the usual Fourier transform in R n . Explicitly, K u may be given by [8, p.117] ). Then define the singular integral operator I u on <S(R") by By Plancherel's theorem, we see that /" extends to an isometry on L 2 (R n ), and that
that is, /" is an imaginary power of the Laplace operator A = -£] d'j.
To be able to say more about /", let us examine its kernel K u . Clearly K u is locally integrable away from 0 and, since C(u) = Of (l + |u|) j , we see that
for any 0 ^ 6 ^ 1. From (c), one may check that K u satisfies the Hormander condition
whenever 0 < 6 ^ 1. Hence, our operator I u extends to a bounded operator on for 1 < p < oo, and also from H and duality arguments, we can also get rid of 6 in the LP -U estimate for 1 < p < oo). This is the best we can achieve in the sense that we cannot have the exponent of (l + \u\) less than \n/p -n/2\. See also [7] for similar results.
The following theorem states that the same is also true for 0 < p ^ 1.
[4] for any p-atom a. So, let a be a p-atom, supported in a cube Q, such that ||a||oo ^ |<3|~^p
and / a(y) dy = 0, and assume that |u| > 2 (so that (b) holds for \x\ > \u\\y\ > 0). By translation-invariance, we may assume that Q is centred at the origin, say
Now, to estimate ||/ u a||i,P, write
JR.* ./|I|<|U|H J\X\>\U\R
(Note the difference from the usual trick: instead of splitting the integral at 2R, we split it at \u\R, just as in [5] .) For the first integral, we use the fact that 7 U is an isometry on L 2 (R") and apply the Cauchy-Schwarz inequality to get
. We wish to show that For this, we split again the integral at \u\R, with \u\ > 2. The estimate for the first integral will be exactly the same as before. For the second integral, we use the fact that K u is of class C k away from the origin and satisfies (d). We subtract from K u {x -y) the
The estimate for the second integral will then follow immediately from this. [4] for an alternative proof. Further, as in the unweighted case, we can also get rid of 6 here to obtain the sharp estimate (see [5] ).
We shall now show that our operator I u can also be extended to a bounded operator from / / P ( R " ) to L£(R") where 0 < p ^ 1 and w 6 A q , for some q > 1. More precisely, we have the following result. THEOREM 2 . Let 0 < p ^ 1. Suppose that n/(n + k) < p ^ n/(n + k -1) for some k e N and letO<e<n + k-n/p. Then, the inequality holds whenever w 6 Ai +cp / n .
PROOF: We shall only prove the case where k = 1. As usual, we shall use the atomic decomposition, which will reduce our task to showing that [6] for any p-atom a with respect to w € A g> where q = I + ep/n. Let a be a p-atom with respect to w, supported in a finite cube Q, such that ||a||oo ^ w(Q)~l^p and / a(y)w(y)dy -0, and assume that \u\ > 2. We may also assume that Q is centred at To estimate I, we use Holder's inequality and the fact that /" is bounded on L^(R n ), with norm < C QtW (l + |u|) n/2 -Precisely, we have Notice that as e tends to 0, the exponent of (l + |u|) tends to n/p -n/2 and the set of weights w for which the inequality holds tends to the Muckenhoupt's class A\. However, we do not know whether the estimate holds for 0 < p ^ 1 and w €
